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ABSTRACT. We study some scalar curvature invariants on geodesic spheres
and use them to characterize several kinds of Riemannian manifolds such as
homogenous manifolds and in particular, the two-point homogeneous spaces
and the Damek-Ricci spaces.

1. INTRODUCTION

In order to understand the geometry of a Riemannian manifold different objects
have been considered. Among them, the symmetries of the manifold, bundles where
the manifold is the base or families of submanifolds such as geodesic spheres, tubes
or disks, have been used extensively [10], [11], [13], [14]. The properties of those
objects influence and are influenced by the geometry of the ambient space (see, for
example, [5], [16], and the references therein).

On the other hand, the fact that the curvature tensor of a Riemannian manifold
is so difficult to handle, motivated the investigation of functions or operators as-
sociated to it. Examples are the sectional curvature, the scalar curvature and the
Jacobi operator, among others [2], [8]. In this paper, we focus on scalar curvature
invariants which reflect important properties, such as local homogeneity [15].

The purpose of this work is to link the study of geodesic spheres with the investi-
gation of scalar curvature invariants [3], [4], [5]. The whole space of scalar curvature
invariants is generated by the so-called Weyl invariants and this suggested to con-
sider only Weyl invariants at first glance. In view of our applications, the simple
ones, that is, those not involving covariant derivatives of the curvature tensor are
the ones to start with.

For an arbitrary simple Weyl invariant on a geodesic sphere, we give an explicit
expression of the first terms in its power series expansion in function of the radius,
as shown in Theorem 3.4. By integrating that invariant, we obtain the correspond-
ing total scalar curvature of a geodesic sphere, whose power series expansion is
discussed in Theorem 4.4. The geometrical meaning of the first terms in those
expansions is studied, leading to characterizations of the two-point homogeneous
spaces among Riemannian manifolds with adapted holonomy (Theorem 5.6). We
emphasize that unlike the volume conjecture [11], where such a characterization
has not been achieved in the most general context, it can be obtained for a number
of total scalar curvatures (Example 5.7).
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The paper is organized as follows. In Section 2, we introduce the notions and
conventions used throughout the paper. In Section 3, we give power series expan-
sions for several geometric objects defined on geodesic spheres and use them to
give some first characterizations for some classes of spaces such as Damek-Ricci
and two-point homogeneous spaces. Section 4 deals with total scalar curvature of
geodesic spheres. Finally, we give further characterization results for homogeneous
and two-point homogeneous manifolds in Section 5.

2. CURVATURE AND WEYL INVARIANTS

Let (M™, g) be a Riemannian manifold of dimension n. We denote by V the Levi
Civita connection of g, and by R its curvature tensor defined by Rxy = V[x y] —
[Vx,Vy], where X and Y are vector fields on M. We set Rxyvw = g(RxyV, W).
The Ricci tensor is defined by p = tr 13 R, where tr 13 means the trace with respect
to the first and third indices. For any tensor field w we set V'w := w and we denote
by V'w the [-the covariant derivative of w.

We now explain some notions from the theory of invariants, thereby mainly
following [15]. Let FM = (FM,n, M, Gl(n,R)) be the bundle of linear frames over
(M, g). For k > 1 we shall denote by T*M = U,epr (T M X - - - x T;,, M) the bundle
over M with standard fibre R”x .*. xR™ and structure group Gl(n,R) which is
associated to the principal bundle FM. If k = 0 we set TOM := M.

A partial Weyl invariant, W, with k degrees of freedom is a map

W TFM — R 2.1)
(v1,...,08) = tr(g® - @gVIR® ---@V¥R)(v1,...,v)

where [; e NU{0}, j € {1,...,v}, v € N, and tr is a product of traces [1] with
respect to some permutation of the indices. Two partial Weyl invariants W7 and Wy
are equal if and only if Wi (vy,...,vs) = Wa(vy,...,v) for any (vi,...,v) € TFM
and every Riemannian manifold (M, g).

We say that a partial Weyl invariant W is simple if its construction does not
involve covariant derivatives of the curvature tensor, that is, W can be written as
W=tr(ge - ®@g®R® - ®R).

In particular, a Weyl invariant, as defined in [15], is a partial Weyl invariant
with zero degrees of freedom, that is, k& = 0.

We define the degree of a partial Weyl invariant given by (2.1) as

degW =11 +---+ 1, +2v. (2.2)

We point out that other authors define the degree (or order) of a curvature invariant
as half this number. Equivalently, the degree of a partial Weyl invariant is half the
number of derivatives of the metric tensor involved in its construction. Clearly,
if W7 and W5 are two partial Weyl invariants, then W1 W5 can be considered as
another partial Weyl invariant in the obvious way and

deg W1 Wy = deg W1 + deg Ws. (23)

For instance, the curvature tensor R and the Ricci tensor p are simple partial Weyl
invariants of degree 2, the former with 4 degrees of freedom and the latter with 2.

By definition, a partial scalar curvature invariant is a linear combination of
partial Weyl invariants. If all partial Weyl invariants involved in the construction
of a partial scalar curvature invariant have the same degree d, then this partial
scalar curvature invariant is said to have degree d.
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Given a tangent vector u € T'M and a partial scalar curvature invariant S
with k degrees of freedom, we say that S(u,.*.,u) is a partial directional curvature
invariant or to be more specific, a partial curvature invariant in the direction of u.

A scalar curvature invariant, as defined in [11] or [15], is a polynomial in the
components of the curvature tensor and its covariant derivatives that does not
depend on the choice of orthonormal basis used to build it. It follows from Weyl’s
theory of invariants [1], [17], that the scalar curvature invariants are precisely the
traces of the curvature tensor and its covariant derivatives. As a consequence, a
scalar curvature invariant is a linear combination of Weyl invariants. Alternatively,
a scalar curvature invariant is a partial scalar curvature invariant with zero degrees
of freedom. We recall here that a scalar curvature invariant has always even degree.

Let us denote by I(v,n) the vector space of simple scalar curvature invariants of
degree 2v in a manifold of dimension n.

It is well known that for n > 2, I(1,n) is a vector space of dimension 1 gen-

erated by the scalar curvature 7 = tr p, that is, 7 = >_I" | p;;, where {e1,...,e,}
is an orthonormal basis of T;,M. From now on, we use the notation w;;;.. =
w(eia €55 Chy - -+ )a v?jk = v?ivejyek,_”, and so on.

If n >4, I(2,n) is a vector space of dimension 3 spanned by

% NRIP =Y Riu, el =) sl (2.4)

For n > 6, the vector space I(3,n) has dimension 8 and it is spanned by the
following basis:

3, (p®p, Ry =Y pijpriRikjl,

7llpll?, (p, R) = > pijRirip Rjnip, 25)
THRHQv R => RijriRijpg Rripg ’
p =" PijPikPjk, R =Y RijuiRipkqRipiq-

Remark 2.1. Let W = tr (R® -+ ®R) be a Weyl invariant of degree 2v. In an
(n — 1)-dimensional Riemannian manifold of constant sectional curvature A the
curvature tensor can be written as R = AR?, where R° can be expressed with
respect to an orthonormal basis as

Then, W = tr (R® --- ®R) = \tr (R°® --- @R®) = Aw (n — 1)\ where Ay is
a polynomial that only depends on W. Moreover, if n € {1,2}, then R = 0 and
hence we have Ay (0) = Ay (1) = 0. Thus, Ay can be written as Ay (n — 1) =
(n—1)(n—2)Aw(n — 1), where Ay is another polynomial. Then, for the constant
curvature case we have

W = (n —1)(n— 2)Aw(n — 1)A”. (2.7)

Example 2.2. The polynomials Ay, corresponding to the Weyl invariants (2.4) and
(2.5) can be explicitly given as follows. Suppose (M"~! g) has constant sectional
curvature A. First, we have 7 = (n — 1)(n — 2)A, and thus,

Ar(n—1)=1. (2.8)
Also, for the Weyl invariants of degree 4,
A”Rﬂz(n— 1) = 2, AHPHZ)(TL— 1) :n—27 ATZ(TL— 1) = (n— 1)(7’L—2). (2.9)



4 J. CARLOS DIAZ-RAMOS, EDUARDO GARCIA-RIO AND LIEVEN VANHECKE

The expressions corresponding to the invariants (2.5) are summarized in the
following table:

w Aw(n —1) w Aw(n—1)

7 (n—1)%(n - 2)? (p®p,R) (n—2)?
7|lol? (n—1)(n—2)* (0, R) 2(n—2)
7| R|]? 2(n —1)(n —2) R 4

p (n—2)? R n—3

3. WEYL INVARIANTS FOR GEODESIC SPHERES

A geodesic sphere, G, (r), with center m and radius r, is defined as
G (r) = exp,, (S"7'(r)), (3.1)

where exp,, is the exponential map at m and S"~1(r) is the Euclidean sphere of
radius r in the tangent space at m, that is, S"~1(r) = {x € T,,M : g(z,x) = r?}.
We always assume that r < i(m), where i(m) is the injectivity radius at the point
m. Hence, geodesic spheres are the level sets of the radial distance function, that
is, G(r) ={p e M : d(m,p) =r}.

The purpose of this section is to study simple Weyl invariants on geodesic spheres.
Thus, it would be convenient to express them in terms of geometrical data of the
ambient manifold. Unfortunately, an explicit expression has not been achieved so
far in full generality, not even in the simplest cases. We will content ourselves with
the power series expansion of a simple Weyl invariant of a geodesic sphere. That
will be enough for the purposes of this paper. In order to provide the power series
expansion of a Weyl invariant, we use the second fundamental form of a geodesic
sphere. Then, its curvature tensor can be calculated from the Gauss equation and
the expression of an arbitrary Weyl invariant can then be obtained from it.

Lemma 3.1. If o denotes the second fundamental form of the geodesic sphere
G (1), then we have the power series expansion
s—1

7 (expp(r)) = 3 =

sy o (u) + O (), (3.2)

where o (u), a > 2, is a partial scalar curvature invariant of M at m with a + 2
degrees of freedom and degree o. The first terms of this expansion are

1 r
oij (exp,, (ru))= S0 =3

1 n
—7“3 (45 22:1 RuzuaRuJua + 10V2 uzuj) (m) + o (TA) :

Proof. Using the Ledger recursion formula [4], [16], we have
U?j(u) = 0ij, 0414( ) =0,
—2

T2
Ruiuj (m) - Z VuRuiuj (m)
(3.3)

)

e (5) e, O

B=2
for a@ > 2. The result now follows by induction. O

Q

afa—1) 2
O-lqj (u) = _Tﬂva Ruzu]
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Lemma 3.2. Let R denote the curvature tensor of a geodesic sphere G, (r). Then

s—2

Rijia (exp,, (ru)) = > r*REZ () +0 (r°7h) (3.5)

a=-2

where ]Ai;?jkl(u), a > 2, is a partial curvature invariant at m of degree o such that
for all the Weyl invariants used in its construction the number of degrees of freedom
has the same parity as a. More specifically we obtain

1
Rijri (exp,, (ru)) = 2 <5ik5jl - 5iz§jk)
1 1 1 1
+(Rijlcl - g&kRujul + g&zRujuk + §5ijmul - §5jzRumk)(m)
1 1
+7r <VuRijkl - ZéjlvuRuiuk + z(sjkvuRuiul
1 1

1
7Ruiu Ru ju
g Ttk ugul (3.6)

n n
1
6ik § RujuaRulua + g(szl § RujuaRukua
a=1 a=1

1
+T2 (_gRuiulRujuk +

€
45

1 - IR
+ Edjk Z RuiuaRulua - géjl Z RuiuaRukua
a=1 a=1

1 1 1
+ §ViuRijkl - ToéjlviuRuiuk + E(SjkviuRuiul

1 1
+ 1600V Rugut = 1500 Ve gt ) (m) + 0 (1)

Proof. The Gauss equation relates the intrinsic curvature tensor of a submanifold
to that of the ambient space by means of the second fundamental form as follows:

Ewva = nyvw + O200yw — OzwOyv- (37)
Using the power series expansion along a geodesic with respect to a parallel basis
2 .
Rijwi (exp,, (ruw)) = Riji(m) + rVyRijri(m) + %ViuRijkl(m) + -+ and plugging
the above expression and (3.2) into (3.7), we have [4], [5]
ROy (u) = Gixdj1 — 0iubjn = ROy,
Rz‘ljkl(u) =0,

~ 1
R%kl(u) =

+1Z (54 1) (B o = o o ).

for @ > 2, and the first part of the result follows by induction. Finally, in formula
(3.8) there are two clearly different terms. The first one ﬁvg:i&jkl(m) is
a partial scalar curvature invariant with a + 2 degrees of freedom. The second
addend is another partial curvature invariant with « + 4 degrees of freedom. The
last statement is clear from Lemma 3.1 and (2.3). O

Vo 2 Rijr(m) (3.8)
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The following lemma is a technical result that will be needed in Theorem 3.4.

Lemma 3.3. Let (V,(,)) be an inner product vector space of dimension n > 2
and tr a total trace in the space of covariant tensors of order 4v over V. If R is
an algebraic curvature tensor on V', Sc(R) its scalar curvature and W the algebraic

invariant defined by W = tr(R® -*- @R), then

o

tr (Z Ro  0Rhe- o R°> = vAw (n)Sc(R). (3.9)

Proof. Clearly, tr (>0 _R°®---®@ R®---® R°) is a scalar curvature invariant of
degree two, and hence it is a multiple of the scalar curvature. Then, put

i
aSc(R (ZRO -®R®~-~®RO>. (3.10)

The above formula is true for each algebraic curvature tensor R in V. If we take
R = R° we have

=4

v I
Ztr R 9R® - @R

an(n—1) (3.11)

= vir (R°®---®@R°) =vn(n—1)Aw(n).

Thus a = v Aw (n). |

Theorem 3.4. Let W be a simple intrinsic Weyl invariant of degree 2v, v > 1, on
a geodesic sphere G, (r). Then we have

s—2v

W (exp,, (ru)) = Z 1Wepau () + O (re2 ), (3.12)

a=—2v

where Wa(u) s a partial curvature invariant of degree o in the direction of u such
that the degree of freedom of all the Weyl invariants involved in its construction has
the same parity as . More specifically, we have

Wo(u) = (n = 1)(n—-2)Aw(n - 1),
Wi(u) =
o5 n+ 1)
Wo(u) = vAw(n—-1)(7- Pun | (M),
(u) win-1) pu) () .
Wg(u) = vAy(n—1) <Vu7' n+2 upuu) (m),

Waw) = wilw) + S Aw(n—1) (v 2D ) (),
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where wy(u) is a simple directional curvature invariant of degree four given by

2n + 1
W4(U) = VvV AW (TL - ]- Z Ruaub + puu (m)
a,b=1
) 4(n + 12)
BW(n - 1) ||R|| -4 Z Ruab(' Z uaub

a,b,c=1 a,b=1

8 w 4
—g Z PabRuaub + §piu (m)
a,b=1 (3.14)

2n -
+B12/V (n - 1) ||p||2 Z Ruaub Z pabRuaub
a,b=1 a,b=1

3n + 14 2
722 Pua piu - 3Tpuu> (m)

+Bijy(n—1) (T - Mpuu>2 (m),

3

and B%V, B%V and B3, are polynomials depending only on the dimension n—1 and
satisfying

2 Biyy(n—1)4+(n—2)BE,(n—1)+(n—1)(n—2)By,(n—1) = (;) Aw(n—1). (3.15)

Moreover, BY,, B, and By, are defined by formula (3.14).

Proof. Using the notation of Lemma 3.2, we have

(R® - ® R)iyjrbbsiviokoly =

= a Rﬁ1+2 E,Bu"’Q 19) s—2v+1 (316)
Z r Z ity (W) Ry () | O (r )
a=—2v B+t By =a

By taking traces in (3.16), the result of Lemma 3.2 and the rule (2.3) to compute
the degrees, we get the first result of Theorem 3.4.

Now, we turn our attention to the explicit expressions (3.13). As R is the
curvature tensor of the geodesic sphere G,,(r), the coefficients of its power series
expansion (3.5) are algebraic curvature tensors in u*. Using (3.6) and Remark 2.1,
we get

Wolu) = tr (RO () RO, 0, ()
= tr R°®~--®R°) (3.17)
= (n—-1)(n-2)Aw(n —1).

Using the notation of Lemma 3.2, as R! = 0, we have

<Z Rzljlklll Rilajakala (u)--- R?,,jpkpl,, (U)> =0. (3.18)
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Using Lemma 3.3 and (3.6), we obtain

Wa(u) = (Z Rzlglklll : Rzajak lo (u) - R?L,]L,k z,(“))

0
(E R Gkt Bk, (W) - Rmmn)

= vAw(n—1)Sc(R?),

(3.19)

and from the definition of R? in (3.6) we have Sc(R?) = 7 — ("+1)puu Hence

Wa(u) = vAw(n—1) <T _ 2(”;1)/)““) (m). (3.20)

Similarly, using Lemma 3.3, (3.6) and the fact that SC(EB) = Vur— L‘”Vupuu,
we obtain

Ws(u) = (Z RO ()RS oy (u)-- RO (u)>
(Z R21J1k1l1 zayak lo ( ) T R?Vjuk;uly> (3'21)

n+2

v Aw(n—1) (vuT_

Finally, using (3.16), we get for v > 1,

0
u)=tr (Z Rzljlklll z(,Jmk lo (u) - Ril,jl,kl,ll,>

(Z RY ik Lamk 1 (u )"‘R?mszw(u)"' (3.22)

a<f

2 0
”Riﬁjﬁkﬁlﬁ( u)-- R; vk l,,>'

For the first term of the above equality we again use Lemma 3.3 and (3.6) to get

2n+1 n+3

n
2
Z Ruaub + puu + vuu

a,b=1

v Ay (n—1) ( Vzupuu)(m). (3.23)

Now, we briefly discuss the second term of (3.22), which is a simple directional
curvature invariant of degree 4. Using the method of Lemma 3.3 to write the
second addend of (3.22) as a linear combination of curvature invariants of degree
4 associated to R? (see the basis (2.4)) we get expressions (3.14) and (3.15) . We
delete the details. O

Remark 3.5. If v =1 in the previous theorem, we essentially have to deal with the
scalar curvature 7. In this case, the second addend of (3.22) does not appear and
wi(u) = 0. Then, 7(exp,,(ru)) = 352 5 r*Se(R*F2) 4+ O (r*~1). See [5] and [4]
for an explicit power series expansion.
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Example 3.6. The coefficients B and BW in (3.14) for Weyl invariants of degree
4 and 6 can be given as follows:

w IRII? oll® 7

By (n—1) 1 0 0

B (n—1) 0 1 0
w7 Tl 7|IR|” 5 pepR) (R R R
Biyy(n—1)|0 0 (n—1)n-2) 0 0 n—-2 6 -2
B (n—1)|0 (n—2)(n—1) 0 3(n—2) 2n-5 4 0 3

Now, we derive some geometrical consequences of the expansions in Theorem
3.4. We recall that a manifold (M, g) is Einstein if p = T g. Moreover, an Einstein
manifold is 2—stein if there exists a constant A such that

Z Rmm = Ag(z,2)?, (3.24)

5,j=1
for all tangent vectors x.

Theorem 3.7. Let (M™, g) a Riemannian manifold and W a simple Weyl invariant
of degree 2v, v > 1, such that

Aw<n - 1) 75 O7
(2n+ 1)vAw (n — 1) — 20(n + 12)Bj,(n — 1) + 502 B3, (n — 1) # 0, (3.25)
(2n + 1)vAw (n — 1) + 40nBjy,(n — 1) + 5n? B, (n — 1) # 0,

If the corresponding Weyl invariants of geodesic spheres W(expm(ru)) depend nei-
ther on the center m nor on the direction u then, M is 2—stein.

Proof. As Ay (n—1) # 0, using the coefficient /V[72( ) given in Theorem 3.4, we get
that 7 — 2("+1) Pun 18 1ndependent of m and w. This implies that the manifold M

is Einstein. Now7 the coeflicient W4 is also constant by hypothesis. Using the fact
that M is Einstein, we obtain

2n+1
Bl VIR — 4By (n 1) 3 B+ <_ )
a,b,c=1 (326)
4 12
+%Bév(n 1)+ 2 BW )Z R — constant,
a,b=1

The above equation implies that the manifold is 2-stein if the last two conditions
of (3.25) hold. For example, see [6, Lemma 4] for details. O

Remark 3.8. Let W be a simple Weyl invariant such that Ay (n — 1) # 0. If M
is a Riemannian manifold such that the corresponding Weyl invariants of geodesic
spheres W (exp,,, (ru)) depend only on the radius, then the above proof shows that
M is an Einstein manifold.
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Remark 3.9. It was proved in [4] that if 7(exp,,(ru)) depends neither on the center
nor on the direction u, then the manifold is 2-stein. Moreover, if the manifold is
assumed to be analytic, then it is a harmonic space.

Example 3.10. It can easily be shown that conditions (3.25) hold for all the
curvature invariants of Example 3.6. Hence, those may be used to characterize
2-stein manifolds.

Theorem 3.11. Let (M,g) be an analytic Riemannian manifold with constant
Weyl invariants and such that all its small geodesic spheres have constant scalar
curvature. Then, M is locally isometric with a two-point homogeneous manifold or
a Damek-Ricci space.

Proof. As all the Weyl invariants of M are constant, M is locally homogeneous
[15]. Also, as all the small geodesic spheres have constant scalar curvature and the
manifold is analytic, M is harmonic [4]. Homogenous harmonic manifolds have been
classified in [12]. According to this paper, M is locally isometric with a two-point
homogeneous manifold or a Damek-Ricci space. (I

Corollary 3.12. Let (M,g) be an analytic Riemannian manifold with constant
Weyl invariants such that all its small geodesic spheres also have constant Weyl
invariants. Then, M is locally isometric to a two-point homogeneous space.

Proof. Using the previous theorem, M is locally isometric to a two-point homoge-
neous space or a Damek-Ricci space. On the other hand, all the small geodesic
spheres of M are homogenous, as they also have constant Weyl invariants. Hence,
M is an Osserman space [8]. But a Damek-Ricci space cannot be an Osserman space
unless it is symmetric [2]. The result follows because locally symmetric Damek-Ricci
spaces are locally isometric to a two-point homogeneous space. ([l

4. TOTAL SCALAR CURVATURES OF GEODESIC SPHERES

Since a geodesic sphere is a compact Riemannian manifold one may consider the
integral of the curvature invariant S for geodesic spheres. Following for example [4],
we define the total scalar curvature S associated to the scalar curvature invariant
S by

S(m,r) = /Gm(r) S=r"" /Snil(SHm)(expm(ru))du7 (4.1)

where S is the corresponding curvature invariant of G, (r), 6, is the volume den-
sity function at m and du is the volume element of S»~!. Then, S is a function
depending on the base point and the radius of the geodesic sphere.

Example 4.1. When (1M, g) is a Riemannian manifold of constant sectional cur-
vature A > 0, each geodesic sphere G,,(r) has constant sectional curvature A =
ﬁ (here, we only consider the positive curvature case; similar expressions can
be obtained for negative and zero curvature). We now compute the total scalar
curvature associated to a Weyl invariant W of degree 2v. From Remark 2.1 we get

W =(n-1)(n-2)Aw(n—1) (W) . (4.2)
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Furthermore, in a space of constant sectional curvature A > 0 the volume density

N n—1
function is 6,, (exp,, (ru)) = (%) (see for example [10], [16]) and we have

the exact expression for the total scalar curvature associated to W:

- Sinr\/x n—1—2v
/Gm(r) W=cp_1(n—1)(n—2)Aw(n—1) ( 5y ) . (4.3)

We emphasize that the above total scalar curvature does not depend on the base
point m.

In order to obtain a power series expansion of a total scalar curvature we need
the volume density function of a Riemannian manifold.

Lemma 4.2. Let 0,, be the volume density function at a point m. Then we have
S
O, (exp,, (ru)) = Z 7% (u) + O (r5+1) , (4.4)
a=0

where O, (u), o > 2 is a partial curvature invariant of degree o in the direction of
u with « degrees of freedom. The first terms of this power series expansion are
1 1
O (exp,y, (ru))=1 — Epuu<m)7"2 - ﬁvupuu (m)r®
(4.5)

RN Paw _ 1
+<_m Z Riaub + 72 - Eviupuu) (m)r4 +0 (TE)) ’
b

a,b=1

Proof. We have the relation ([4], [16]), fum (exp,, (ru)) = "2+ 2 log 0., (exp,,, (Tu)),

T
where h,,, is the mean curvature of a geodesic sphere. Then,

[a/2) W) e (u
ea(u);; > EORSLETION B (4.6)

it dogma LB

which proves the assertion concerning the degrees. The first terms of this power
series expansion are well-known ([4], [16]). O

We define ¢,,_; = nnz (%)!7 which is the volume of the Euclidean sphere of
radius 1 in R™. Here (§)! = I'(§ + 1), where I' is the gamma function defined by
T(a) = [Fettotdt = [ e[t Ldt.

The following result is a technical lemma which will be used in the proof of the
Theorem 4.4. We will only point out the main steps of the proof.

Lemma 4.3. Let w be a covariant tensor of order 2v. Then,

n
Cn—1
/ leuud’u: U1 E 56!1&2"'604%710421/ E : Wag (1) Qg (20 (47)
S R
vyl H(n + 2a) ape-agy o€Say

a=0

Proof. We proceed by induction. If v = 1, (4.7) is a well-known fact. See, for
example, [11]. Next, let w be a covariant tensor of order 2(v + 1). Choose an
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orthonormal basis {e;} at the origin of R™ and write the unit vector u with respect
to that basis as u = ), x;e;. Then

n

/ Woeoudtt = E Way-azyya / Ty Tag, o dU. (4.8)
Snfl Snfl

ap-agy =1
We recall the formula for integrating polynomials along Euclidean spheres [10]:

B B Bi) - Bn)
/Sn71$1 Ty, duicn_ln(n—i—Z)"'(n‘i‘ﬁl+"'+ﬁn—|—2>7 (49)

where
28)=(28-1)(26-3)---3-1, BEN,
0) =1, 26-1)=0, BeN.

Concentrating on the last index ag, 42 and using (4.9), (4.8) can be reduced to

(4.10)

n 2v+1

/Snilwu..u u:n+2yzz /5n 1 .,u,ela,u,...,u,ea)du . (4.11)
=1 g=1 5
Now the inner integral is a tensor of order 2v, so we get (4.7) by induction. O

Theorem 4.4. Let W be a simple Weyl invariant. The total scalar curvature
associated to W has a power series expansion:

[s/2]
W(m,r) = W = ¢, r" 1% Z 20 WQO‘ _ Wealm)

O (r*t1) |, (4.12
Gom(r) a=0 Zo(n+28) ) ) a12)

where Waq(m), a > 1 is a scalar curvature invariant of M at m of degree o, and

Wo(m) (n—1)(n—2)Aw(n —1),
Wyim) = =202 DAY
Wi(m) = (Cév(n CDR|? + CE(n — Dlp|? + C3(n — 1)72 (4.13)

(n—=2)(n—2v—1)Aw(n—1)
- 50 AT) (m).

Moreover, C},, C%, and C3, are polynomials depending only on n — 1 which are
uniquely determined by (4.13). We also have the relation
204 (n—1)+(n—1)C%(n—1)+nn—1)CH(n—1) =
(n—2)(n+2)(n—1—20)(5n — 100 —7) (4.14)

= A - 1 .
360 win=1)

Proof. By definition we have

W(m,r) :/ " W=rnt /Snil (W@m) (exp,, (ru))du. (4.15)

Using Theorem 3.4 and Lemma 4.2, we get

s—2v

(W@m) (exp,, (ru)) = Z r*Wagan(u) + O (r* =211 (4.16)

a=—2v
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where W, (u), o > 2 is a partial curvature invariant in the direction of u with
degree a such that for all the Weyl invariants involved in its construction the
number of degrees of freedom has the same parity as «. In fact, we have W, (u) =

Zg:o W,@(u)ea,ﬁ(u), a > 2, and in particular, using (3.13) and (4.5),

Wo(u) = (n—1)(n—2)Aw(n—1),
Wl(u) = Oa
Wa) = (o) (W dv(n+ 1)+ (6n —D(n— 2)puu> (m), 1)
_ L Aw(n - 1) 2 |
W = auw+ WED (e,

40v(n +3) +2(0n —1)(n-2) Viupw> (m),

where @,4(u) is a simple directional curvature invariant of degree 4. Then, (4.15)
becomes

W(m,r) =" ( Si:u r® /Sn_1 Wt (u)du + O (r82”+1)> : (4.18)

a=—2v

If o is odd, W, 42, (u) is a linear combination of Weyl invariants in the direction
of v with an odd number of degrees of freedom. Each one of them is an odd function
on a sphere, and thus its integral vanishes. Hence, we have

]
Wim,r)y=r""1 | Y r Waataw(@)du+0 (=21 | . (4.19)
a=—v S”il

The problem of integrating Wa, (u), with @ > 1, reduces to the integration of
directional Weyl invariants of degree 2« in the direction of u with an even number
of degrees of freedom. This number is at most 2«. For such an invariant, Lemma
4.3 asserts that its integral is a linear combination of products of total traces,
divided by certain polynomial. This immediately implies that | gn—1 Woa o, (u)du
is a curvature invariant at m with degree 2, and (4.12) follows.

For the explicit expressions of Wy, W, and Wy, we may use the general method
described in this proof and just do the calculations taking into account (4.17).
Examples of those may be found in [4], [10] and [11]. Finally, we integrate w4 (u).
As this is a simple curvature invariant at m of degree 4 we have

_ 1 1 9
/Sn71 w4(u)du = m (CW<’I’7/ — 1) HRH

+C (n = Dlpl|? + Ciy (n — 1)7%) (m),

and from here we get the expression for Wy(m). For the Taylor power series ex-
pansion of the function in (4.3) we get

/Gm(r) W=cp_1(n—1)(n—2)Aw(n—1)r" 1= <1 B

+(n —1—-2v)(5n — 10v —7)
360

(4.20)

n—1-—2v
6

Ar?
(4.21)

Nrt+ 0 (r6)> :
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Since for an n-dimensional space of constant sectional curvature A\ we have 7 =
n(n — 1A, |R||? =2n(n — DA%, ||p]|> = n(n — 1)2A%, AT =0, (4.20) becomes

n—1
oy(u)du = —— (208, (n—1
/Sn_l 4(u) n+2 (2C (n —1) (4.22)
+(n—1)Ch/(n— 1) + n(n — 1)Ci (n — 1)) A2
From the last two equations we get the desired result. ([l

We finish this section by writing down, for further use, the introduced functions
B%V and B%V for the simple Weyl invariants of degree 2, 4 and 6 considered in
Section 2.

First, for the scalar curvature we have

1 2
w Ci(n—1) Cyy(n—1)
T _ (n42)(n+3) n2+5n+21
120 45
For degree 4 we have
1 2
w Cy(n—1) Cy (n—1)
HRH2 59n2—93n—10 2(n?—37n+60)
60 45
I ”2 _n®—9n?-16n-20 n°4+31n%—16n—120
P 120 15
-2 _ (n=2)(n—1)(n*+13n+10) nt+10n3+43n% —14n+120
120 45
Finally, for order 6:
1 2
w Ciy(n—1) Cy/(n—1)
3 _ (n=1)2(n—2)2(n?+21n+14) (n=1)(n—2)(n*+18n34+118n%4+105n4238)
T 120 15
7| H2 _ (n=1)(n—2)(n®—n%—28n—28) (n—2)(n*+38n°+28n%+15n+238)
P 120 15
THRH2 (n—1)(n—2)(59n>—101n—14) 2(n*—32n3+4248n>—135n+238)
60 45
o _ (n—2)(n®—41n%—28n—28) (n—2)(n34+79n2%—73n—238)
P 120 15
B n?—23n3+34n2+28n+56 nt 4573 —141n% —2n+476
<p ® P R> - 120 45
( R) 5913 —179n2+188n+28 2(n®49n2+77n—238)
P 60 15
R 179n% —261n—14 4(n%—129n+119)
30 15
é _ n3+4138n%—-289n—42 n>+78n%2456n—357
120 15

5. HOMOGENEITY AND TWO-POINT HOMOGENEOUS SPACES

If M is a locally homogeneous Riemannian manifold, its total scalar curvatures
Wim,r) = me(T) W do not depend on the point m and thus one may wonder
whether the converse is also true. The answer is known to be positive for several
special cases, but the problem remains open in its full generality. In our general
context, positive answers can be given in a similar way as a consequence of Theorem
4.4 and the following result (we omit the details, which are similar to those in [3]).
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Theorem 5.1. Let W be a Weyl invariant such that Aw(n — 1) # 0. If a Rie-
mannian manifold (M™, g) of dimension n > 2,n # 2v + 1 verifies that W(m,r) is
independent of the point m, then the scalar curvature and the quadratic invariant
Cl (n — D)||R|*> + C3,(n — 1)||p||* are constant.

In particular, if W =1, S(m,r) = me(T) 1 is the volume of the geodesic sphere
G,(r). A manifold having the property that the volume of geodesic spheres is
independent of the center is called ball-homogeneous [3], [7]. Also, a Riemannian
manifold is said to be scalar curvature homogeneous if T (m,r) = me(T) T is in-
dependent of m [3], [9] (this is also a particular case of our context for W = 7).
Next, we show that both notions above are equivalent for Einstein manifolds, thus
answering the question already stated in [3].

Theorem 5.2. Ball-homogeneity and scalar curvature homogeneity are equivalent
in the class of Finstein manifolds.

Proof. We denote by ’ the derivative with respect to the radius r. We recall the
relation [16]:
n—1 0
(€30, (r0)) = "= + < log O (exp,, (ru), (5.1)

where h,, denotes the mean curvature of the geodesic sphere. Deriving, and using
(5.1), we get

d
S'(m,r)=— 7“"_1/ Omdu| = r”_l/ (R O du. (5.2)
dr Sn—1 Sn—1
Again, deriving with respect to the radius and using (5.1), we obtain

S"(m,r) = i[r"—l / (hmﬁm)du}
Snfl

r

7'"_1/ ((hZ, + hiyy) Om) du.
Sn—1

Taking traces in the Gauss equation, we get the scalar curvature of a geodesic
sphere G, (r)

-1
=1 / (” P Oy + B, O+ o 9;,,) du (5.3)
Snfl

7A::7—_2pu/u,—"_h72n_ HgmHz (54)
Next, we consider the Ricatti equation, ¢/ +02 + R, = 0, where R,, is the Jacobi

operator x — Ry, u. Taking traces, we get h’, + ||om||* + puu = 0. Therefore, (5.4)
becomes

T =T puut+hZ +h,. (5.5)
Using the above equality, (5.3) becomes
§"(m,r) = T(m,r) — "1 /S (7~ pu) ). (5.6)
In the class of Einstein manifolds 7 — p,,, = "T_l T is constant. Thus, we get
S"(m,r) =T (m,r) — n-1 T8(m,r). (5.7)

As 7 is constant, 7 depends on m if and only if S depends on m. O
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Now, we turn our attention to the characterization of two-point homogeneous
spaces using the total curvatures of geodesic spheres associated to simple Weyl
invariants.

Theorem 5.3. Let (M",g) be a Riemannian manifold of dimension n > 2. Sup-
pose that the total scalar curvature associated to a simple Weyl invariant of degree
v is the same as for a Riemannian manifold of constant sectional curvature \. If

Aw(n—1)#0, n#2v+1,
CI%V(n_ 1) #Ov (5.8)

2
Clyn=1) (Chn -1+ 2 Clin-1) 20
n—
then M is a Riemannian manifold of constant sectional curvature \.

Proof. As we have already seen that for a manifold of constant sectional curvature
A, we have

w —1-2
/ W:Cn—l(n — 1)(7’L — 2)Aw(n — 1)7‘n_1_2u (1 — u)\,'ﬂ
Gm(r) 6 (5 9)
P2 e o (r6)> .

As Aw(n —1) # 0 and n # 2v + 1, comparing (5.9) with (4.12) and (4.13) we
immediately get 7 =n(n — 1)A . Then, (4.12) becomes

W(m,r) = cn,lr"_l_m’{(n —1(n-2)Aw(n—1)
—%Q(n —2)(n—1-20)Aw(n—1)(n — 1)\
. (5.10)
+otn gy (= DIRIP+ G = 1) ol

+n?(n —1)2C3, (n — 1))\2) (m) + 0 (r%) }(m)

Comparing the coefficients of 4 in (5.9) and (5.10) and taking into account that
7 =n(n — 1)\ we easily get

2
Ci(n=1) [ |R]* = —|ol?
" ( n-l ) (5.11)

+(rn-1+ Zoclln =) (1012 - 27%) =0,

We know that for every Riemannian manifold of dimension n > 2, ||p[|* > 172
with equality if and only if the manifold is Einstein and ||R||*> > —25|p||* with equal-
ity if and only if the manifold has constant sectional curvature [1]. The hypotheses
of this theorem imply that both terms of the left-hand side of (5.11) are simultane-
ously non-negative or non-positive (depending on the sign of C;-(n)). Then, both
addends must be zero and hence ||R||? = —2-||p||*>. Thus, M has constant sectional
curvature. As 7 = n(n — 1)\, the sectional curvature is precisely . O

We state similar theorems for the other two-point homogeneous spaces. See [4]
or [11] for more information. We delete the details.
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Theorem 5.4. Let (M?",g,.J) be a Kihler manifold of complex dimension n > 1.
Suppose that the total scalar curvature associated to a simple Weyl invariant of
degree v is the same as for a Kdhler manifold of constant holomorphic sectional
curvature \. If

AW(2n - 1) 7é 03

CL(2n—1) #0, (5.12)

4
Ciy(2n —1) (C%V(zn -1)+ mcév(zn - 1)) >0,
then M is a Kahler manifold of constant holomorphic sectional curvature \.

Theorem 5.5. Let M*" be a quaternionic Kihler manifold of real dimension 4n.
Suppose that the total scalar curvature associated to a simple Weyl invariant of
degree v is the same as for a quaternionic Kdhler manifold of constant Q-sectional
curvature \. If

Aw(4n —1) £ 0, Ciy(4n — 1) # 0, (5.13)
then M is a quaternionic Kahler manifold of constant Q-sectional curvature .

Combining the previous results we get:

Theorem 5.6. Let (M™,g) be a Riemannian manifold of dimension n > 2 such
that its holonomy group is contained in the holonomy group of a two-point homo-
geneous space of dimension n. Suppose that the total scalar curvature associated to
a simple Weyl invariant of degree v is the same as for the corresponding two-point
homogeneous space. If

Aw(n—1)#0, n#2v+1,
Ciy(n—1) #0, (5.14)

2
Clr(n—1) (c%v(n -1)+ mC&V(n - 1)) >0,
then M 1is locally isometric to that space.

Example 5.7. Using the expressions of examples 2.2 and 3.6, we may check the
conditions of Theorem 5.6. We give a table with those simple Weyl invariants which
can be used for characterizing the two-point homogeneous spaces and the dimension
n for which the conditions of Theorem 5.6 hold.

w Cv(n—1)+ -2:Cy(n—1) n
”RH2 4n3+233?:71(1)§m7270 n>2n#5
||p||2 4n4+117n31g3(6nlfj)—368n+540 3<n<10,n#5
T||p||2 (n—z)(4n4+149n31-¢;)15n2+144n+1036) 3<n<6
THRH2 4n4+49n3+33950n2+24n+1036 n>2ntT7
b (n—Q)(4n4+30?;L§(::E§f)n2—576n+1036 3<n<4l,n#£7
(p@p Ry | AERRACSTEACHSIIRISEAS0TE 3 < <91 n AT
(p, R) 4n,4+209n3502((35221)—696n+1036 n>2n#£T
R (n=2)n 4 250250) n>2nAT
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Remark 5.8. If n = 3, the Gauss-Bonnet Theorem gives 7 (m,r) = 8n. Hence, 7 is
a topological invariant. Generalizations of the Gauss-Bonnet Theorem show that
some total scalar curvatures have no geometrical meaning in certain dimensions [5].
Let now W be a simple Weyl invariant of order 2v. Consider a Riemannian
manifold of constant sectional curvature of dimension 2v + 1. Then (4.3) shows

W(m,r) =2v(2v — 1)ea, Aw (2v). (5.15)

Thus, W(m,r) is an invariant for (2v + 1)-dimensional manifolds of constant sec-
tional curvature and therefore it cannot be used to determine the curvature.

Remark 5.9. The third condition in Theorem 5.6 can be dropped if the manifold
is assumed to be Einstein or locally conformally flat (see [5] or [11] for similar
situations).
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